. This combination is expressed by lemma 6 from the text, a result which we prove directly using the cohomology of invertible sheaves on a projective space.
Since the above abstract may serve as an introduction as well, we begin by recalling (in (0)- (4)) some definitions and facts. We use the Chapter I of [5] as our main reference for homological algebra (except that we denote mapping cones by "Con").
0. Definition. Let k be a field, V an (n + 1)-dimensional k-vector space, e 0 , ..., e n a k-basis of V and X 0 , ..., X n the dual basis of V * . Let Λ = ∧(V ) be the exterior algebra of V . Λ is a (positively) graded k-algebra : Λ = Λ 0 ⊕ ... ⊕ Λ n+1 with Λ i = ∧ i (V ). Let Λ + := Λ 1 ⊕ ... ⊕ Λ n+1 and k := Λ/Λ + . We denote by Λ-mod the category of finitely generated, graded, right Λ-modules (with morphisms of degree 0).
Let P = P(V ) be the projective space of 1-dimensional k-vector subspaces of V (such that . The (extended) functor L is exact, commutes with the translation functor T and with mapping cones and maps morphisms homotopically equivalent to 0 to morphisms with the same property (see [3] remark after (2.5) for a nice argument) hence it induces a functor L : K(Λ-mod) → K(QcohP(V )). L also maps quasi-isomorphisms in K + (Λ-mod) to quasi-isomorphisms in K(QcohP(V )), hence it induces a functor L :
We shall often use the following shorter notations :
) be the complex which coincides with K
• (a) term by term but with
and if one applies L to the isomor-
(ii) If N ∈ Ob(Λ-mod) let N ∨ denote the graded k-vector space Hom k (N, k) endowed with the following right Λ-module structure : for v ∈ V , the multiplication
(iii) Of a particular importance is the object Λ ∨ of Λ-mod. One has (
is the tautological Koszul complex on P(V ) :
consists of the elements of N annihilated by Λ + . In particular, soc(Λ)=Λ n+1 and soc(Λ ∨ )=(Λ ∨ ) 0 .
Remark. (i) Let
A be an abelian category. Consider a short exact sequence :
• be the morphism in the derived category D(A) defined by the diagram :
are distiguished triangles too. One gets a "long" complex in D(A) : (ii) Assume that the short exact sequence of complexes from (i) is semi-split, i.e., that
is split-exact ∀p ∈ Z, i.e., there exist morphisms
and consider a short exact sequence as in (i). Let I
• ∈ ObC(A) be a complex consisting of injective objects of A. Then the functor Hom K(A) (−, I
• ) maps quasi-isomorphisms in K + (A) to isomorphisms in Ab, hence it induces a (contravariant) functor :
• → Ab and if one applies this functor to the "long" complex in D
(iv) We also recall that if I
• ∈ ObK + (A) consists of injective objects of A then, for every X
• ∈ ObK(A), the canonical map Hom
• ) is bijective. [3] par.3) the short exact sequence in Λ-mod :
Example. (a) Consider (as in
If one applies L to the short exact sequence one gets a semi-split short exact sequence in C(CohP(V )). Applying (2)(ii) one derives easily that L(ν) is the canonical injection :
2 )(1) differs by sign from the module structure of Λ/(Λ + )
2 ).
(b) Dually, consider the short exact sequence in Λ-mod :
In the next proposition we gather some well-known properties of the category Λ-mod, stated in [2] . We include a sketch of proof for the reader's convenience.
Proposition. (i)
If N ∈ Ob(Λ-mod) and a ∈ Z then the map :
with m ∈ N, a 1 ≥ ... ≥ a m integers and N 0 annihilated by soc(Λ) = Λ n+1 . Moreover, m, a 1 , ..., a m and N 0 (up to isomorphism) are unique.
One can use now the fact that the pairing :
(iii) One can easily show that : Λ ≃ Λ ∨ (−n − 1). (iv) For the existence of the decomposition, let y ∈ N be a homogeneous element (let's say, of degree −a) not annihilated by soc(Λ). Then yΛ ≃ Λ(a). By (ii), yΛ is injective in Λ-mod hence it is a direct sumand of N . One concludes by induction on dim k N .
For the uniqueness, observe firstly that
. This proves the uniqueness of m and a 1 , ..., a m . Assume, now, that one has an isomorphism :
is an isomorphism. By a well known trick (about matrices of 2×2=4 blocks with invertible left upper block) it follows that :
and one concludes by induction on dim k N .
(v) Every projective or injective object of Λ-mod is a direct sumand of a free object (for injective by the proof of (ii)). Now one can apply (iv).
Lemma. Let P
• ∈ ObC − (Λ-mod) be a complex bounded to the right of free objects of Λ-mod. Then the complex
. By (1)(iii), the columns of X •• are acyclic bounded complexes. Now, s(X •• ) is the direct limit of the complexes s(σ
•• is a "first quadrant" type double complex (i.e., ∃i 0 , j 0 such that its (i, j)-component is 0 for i < i 0 and, also, for j < j 0 ) with acyclic columns, hence s(σ
The next result, which is the key point of this paper, is a generalization of the Remark 3 after theorem 2 in [2] . Its proof can be easily reduced to the particular case K • = k of the remark in [2] . In [2] , the remark is a consequence of the main result. Here we reverse the order : we prove directly the (general version of the) remark and then we show that it immediately implies the main result of [2] .
Lemma. Let I
• ∈ ObC(Λ-mod) be an acyclic complex of injective (⇔ free) objects of Λ-mod. For p ∈ Z, let Z p := Kerd
, the canonical map :
is an isomorphism of k-vector spaces.
Proof. (a) Let σ ≥p I • be the "stupid" truncation of
One has an exact sequence of complexes :
. Then one has a short exact sequence :
Using (2)(iii) and (i) and the Five Lemma one can easily reduce the proof, by induction on
Z, and this case reduces immediately to the case p = q = 0. In the case K • = k, using (2)(iv) and the fact that TZ
are quasi-isomorphisms one gets isomorphisms :
It follows that it suffices to prove that the map :
is an isomorphism of k-vector spaces. We shall prove that, ∀N ∈ Ob(Λ-mod):
The proof of (6.1) is based on the following :
Assuming the Claim, for the moment, we prove (6.1) by induction on dim k N . The initial case dim k N = 1 follows from the Claim. For the induction step, let a := min{i | N i = 0}. One has an exact sequence :
. Using the considerations from (2)(i), the induction hypothesis for N ′ , the Claim for N ′′ and the Five Lemma one gets immediately (6.1). Finally, let us prove the Claim. One has :
k has an injective resolution in Λ-mod :
It follows that both sides of the Claim are 0 for p + a = 0 (assuming, of course, p ≥ 0). It remains to show that :
. Using the commutative diagram :
one proves easily, by induction on p ≥ 0, that the morphism in (6.2) is surjective, hence it is an isomorphism since both sides are isomorphic over k to S p V * .
Theorem. (Bernstein
′ ∈ Ob(Λ-mod) then the map :
is surjective and its kernel consists of the morphisms factorizing through a free (⇔ injective ) object of Λ-mod.
Proof. We firstly prove the second assertion. 
is an isomorphism. The left vertical arrow of the diagram is surjective and its kernel consists of the morphisms factorizing through I −1 .
(a) We observe, firstly, that if
) consisting of injective (resp., free) objects. Then I
• := Con(u • v) is an acyclic complex consisting of injective (⇔ free) objects of Λ-mod. Using the short exact sequence :
, hence, by the above observation, ∃N ∈ Ob(Λ-mod) such that F
• ≃ L(N ). By induction on the length of F
• , one can now reduce the proof to the case when F
• has only one non-zero term. By Serre's results from [6] , any coherent sheaf on P(V ) has a finite resolution with finite direct sums of invertible sheaves O P (a). By induction on the length of this resolution, one reduces the proof, as above, to the case when
Corollary. ([2] Remark 3 after Theorem 1)
For every
. Moreover, N is unique up to isomorphism.
Proof. The existence of N follows from (7)(a) and (4)(iv). Let N ′ be another such Λ-module. By (7)(b), there exists a morphism u :
, it is a quasi-isomorphism). By (7)(b) again, there exists v :
. By the last part of (7)(b), there exists a free object P of Λ-mod such that
The submodule of P consisting of the elements annihilated by soc(Λ) is
Using the exterior algebra version of the graded NAK, one derives that u • v is surjective, hence it is an isomorphism because N is a finite dimensional k-vector space. Similarly, v • u is an isomorphism. Consequently, u is an isomorphism.
9. Definition. Let N ∈ Ob(Λ-mod) annihilated by soc(Λ). Consider a minimal free resolution of N in Λ-mod : ... → I −2 → I −1 → N → 0. Minimality is equivalent to the condition :
To get such a resolution, take a minimal free resolution of N ∨ and dualize it. Glueing the two resolutions one gets an acyclic complex I
• consisting of injective (⇔ free) objects of Λ-mod such that Imd
) and let I
• be a Tate resolution of N . Then :
Proof of (10)(a). (according to Remark 3 after Theorem 2 in [2] ).
Taking into account that Imd q I ⊆ I q+1 · Λ + , ∀q ∈ Z, one gets that :
On the other hand, by (6) :
For the proof of (10)(b) we need the following addendum to (2)(iii) :
11. Remark. Under the assumptions of (2) 
